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Intersection theory of toroidal compactifications of 

4 
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Abstract 

We determine the intersection theory on the Igusa compactification 
and the second Voronoi compactification of A 4 . 


0 Introduction 

Let A 4 denote the moduli space of principally polarized abelian varieties 
of dimension 4 over C. There are two natural toroidal compactifications of 
A 4 , namely the Igusa compactification and the second Voronoi com¬ 
pactification *4.y° r . The first is given by the perfect cone or first Voronoi 
decomposition, which for g = 4 coincides with the central cone decomposi¬ 
tion, and the latter is given by the second Voronoi decomposition. 

It is well known that 

Pic(4 gu ) ® Q = QL © QD\ gu 

where D l f u is the closure of the locus rank 1 degenerations (i.e. semiabelian 
varieties with the rank of the abelian part equal to 3), and L is the Q-line 
bundle of weight 1 modular forms. 

The fan given by the perfect cone decomposition is not basic for g = 4, 
and the second Voronoi decomposition is a basic refinement of the perfect 
cone decomposition (this is special to the case g = 4). Hence we have a 
morphism 

vr : AT : - 4 gu . 

One knows (cf. iH'fil Proposition 1.6]) that 

Pic(^ or ) <g> Q = QL ® QDj or © QE 

where Dj 01 is again the closure of the rank 1 degenerations, and E is the 
divisor contracted to a point under the map 7 r. One also knows from iHisl 
Prop. 1.3] that 

7 T*D\ gu = Dj m + 4 E. 

Note that the Torelli map gives a morphism 

^ : M4 -> Aj OT , 
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and since we have the morphism ir : J^° r —> we can also define the 

morphism tjf 11 : M .4 —>■ A J /" . We denote the images of these maps by 
and J l ^ n respectively. According to jHH , Theorem 1.1], the classes of these 
Jacobian loci are given by 

~jl gn 

and 

[j? °r] =8 L- Dj or - AE. 

Using these relations and a toric computation we shall determine the in¬ 
tersection theory of W/‘ u and Aj ov . For genus 4 this answers a question 
of N. Shepherd-Barron who posed in iS-B] the problem of determining the 
intersection theory on A^cf ", which he showed to be the canonical model for 
A g for g > 12 (the Picard group of is generated by L and _Dg gu for all 
9 >2). 

In the cases g = 2,3 the Igusa compactification coincides with the 
Voronoi compactification and the computation of the intersection theory 
can easily be reduced via the Torelli map to calculations on M g . In fact for 
g = 2,3 the Chow ring of is known by the work of van der Geer ( jvdGl) : 

see also jMuj . Hal); We will investigate the intersection theory of the Igusa 
compactification -d!f u for arbitrary genus in a separate forthcoming paper. 

1 The Igusa compactification 

We shall first treat the Igusa compactification. Let 

a k := (L k (D l f u ) w - k ) i gu . 

' rk 4 


= 8 L- D\ su 


Theorem 1.1 


The intersection theory on 



is given by 


O10 

a 9, as, <27 

«6 

d5, 0,4 


02 

Ol 

Oo 

1 

0 

1 

0 

1759 

0 

1636249 

101449217 

907200 

3780 

1680 

1080 

1440 


Proof We first recall the computation of <210 = L w . It is well known 
(cf. Ivd02| . jTsj ) that this number can be computed using the Hirzebruch- 
Mumford proportionality theorem (for any g ). If S k {T g ) denotes the space 
of weight k cusp forms, then by jTal Prop. 2.1] 

dim(5 fc (r fl )) ~ (^1 B 2j k ^+D 
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where B 2 j are the Bernoulli numbers. Hence 

i> (9+1) = {\g{g + 1 ))! 2^-m-2) ^^-B 2j 

and a straightforward calculation gives 

o 10 = L 10 = —-—. 

907200 

We shall now make use of the Torelli map 

t'r : M 4 - 4 gu . 

We obviously have 

(t? u r(L) = a, (fry^n = s 0 , 

where A is the class of the Hodge bundle on A4 4 , and 5o is the class of the 
closure of the locus of genus 3 curves with two points identified to form a 
node (i.e. the divisor of irreducible stable curves in Ai 4 ). We let 

h ■■= <a‘03C5? 

These intersection numbers on Jv[ 4 can be computed using C. Faber’s pro¬ 
gram implementing his algorithm described in ( IFaj ), and the result is shown 
in the following table: 


bg 

h 


^5 

64 

O- 

CO 

b 2 

bi 

h 

1 

0 

1 

2 

0 

1759 

1759 

1636249 

251987683 

113400 

3780 

945 

1680 

210 

1080 

4320 


Intersecting the relation 


J4 IgU 


= 8 L- D\ su 


with L k 1 (Dy’”) 10 k gives the recurrence relation 

bk-1 = Safe - a/--1 - 

Since aio and the numbers are known, we can compute the numbers 
cik-i recursively and arrive thus at the numbers stated. □ 


Remark In the literature one sometimes finds half the above number for 

L29(9+ 1) _ see 

lvdG21 . This is the “stack intersection number”, since -id 
acts trivially on the variety A g , but defines an involution on the stack. 

Remark One can easily see geometrically that ag = as = 0,7 = 0. This 
follows since L is a pullback of the corresponding line bundle on the Sa- 
take compactification for which the boundary is codimension 4, and 

where L k for k > 7 can be represented by a Q-cycle that does not meet the 
boundary. 
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2 The Voronoi compactification 

Instead of working with the basis L, D ^ 01 and E of Pic(^4Y° r ), it is easier to 
use L,F = it*D l ^ n and E. We already saw that 7 t*D^ u = Dj or + 4 E. Let 

a k ,i := (L k E l F 1Q - k ~ l ) Aj 


Theorem 2.1 The intersection theory on is given by 


a k ,o = a k , a k ,i = 0 for 1 < l < 9 


n _ plO 

“0,10 — -C' 


1680 

1152 


35 

24' 


Proof Since L and F are the pullbacks under n* of L and D^ u , we clearly 
have afc.o = a k . Moreover, E is contracted to a point in under 7 r, and 
hence E l ■ tt*(L k (D l f u ) w ~ k ~ l ) = 0 for all l between 1 and 9. 

It thus remains to compute E 10 . This can be done by the following 
toroidal computation. The second Voronoi decomposition for A 4 is described 
in |V1| . IV2al . ]V2bl . IER2I . It is a refinement of the first Voronoi decom¬ 
position obtained by adding another ray 77 , generated by the sum of the 
primitive generators of the second perfect cone 112 ( 4 ). One then adds all 
the cones which arise as the span of with each of the 9-dimensional faces 
of 112 ( 4 ) and the faces of these cones, together with their GL(4, Z) trans¬ 
lates. Thus 112 ( 4 ) which was spanned by 12 rays 71 ,... , 712 , is divided into 
sixty-four 10-dinrensional basic cones. We abuse notations and denote the 
divisors in the toric variety defined by this decomposition corresponding to 
the rays 7 and 71 ,... ,712 by E and D \2 respectively. Among these 

divisors we have the following linear equivalences: 


ejE + d\ jD\ + ■■■ + d\2 jD\2 ~ 0 (j = 1 ,..., 10 ) ( 1 ) 

where (ei,... eio) and (dn,... , duo) are the primitive generators of 77 and 
7 i respectively (cf. jTsl Theorem (2.3) and section 2.4]). We now multiply 
equation HJ successively by E 9 , then by E s Di, E‘ DiDj with i ^ j up 
to ED a ■ ■ ■ Di s . This recursively gives a system of linear equations. Note 
that 10 distinct divisors either intersect transversally in one point if the 10 
corresponding cones lie in a common 10 -dimensional cone, or have empty 
intersection otherwise. This allows us to solve the above system of linear 
equations. This can be done by computer, and gives E 10 = —1680. To get 
from this intersection number on the toric variety to the one on the moduli 
space, we have to divide by the order of the stabilizer of ?? in GL(4, Z). The 
latter is the reflection group F4, the order of which is equal to 1152 (see 
Prop. 2.2 of I .H2 and also the proof of m Prop. 3.6].) □ 
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